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Abstract

Since the introduction of extremal graphical models, various methods have been
proposed to learn the underlying dependence structure using graphical lasso-based al-
gorithms. Unlike conditional independence in Gaussian graphical models of dimension
d, extremal conditional independence is defined by conditioning on single site being
large, which naturally leads to d precision matrices of dimension d — 1 that encode
extremal conditional independence. Recent literature has shown the existence of a
single positive semi-definite precision matrix that encodes the extremal conditional in-
dependence. However, current inference methods, e.g, EGlearn, relies on learning d
sub-graphs and often fail to guarantee connectivity, frequently yielding multiple dis-
connected components as the extremal graph must be connected and full independence
is not permitted.

Additionally, these graphical lasso-based approaches use empirical estimates of ei-
ther d variogram matrices or a aggregated covariance matrix from d matrices, which can
be unintuitive. In this paper, we introduce a novel inference method for the Hiisler-
Reiss graphical model based on three different estimators of the precision matrix’s
pesudo inverse, termed as extremal covariance matrix, and directly exploit the struc-
ture of the precision matrix, which mimic the Gaussian case. Comparing to existing
methods, we demonstrate that our method is as fast but more accurate for learning
the graphical dependence structure, while ensuring connectivity. Furthermore, when
full independence is assumed between disconnected components, our approach can also
accommodate it, yielding the exactly disconnected components, which provides a new
tool for extremal clustering. We also provide a data driven method using hierarchical
clustering method to learn the clustered structure. We validate the performance of our
method through simulation studies and two real data applications.

Keywords: Graphical extremes; Hiisler-Reiss process; Multivariate Pareto distribution; Graph-

ical lasso; Cluster detection;



1 Introduction

Graphical models are powerful tools for understanding structured relationships in data, par-
ticularly in the context of multivariate Gaussian distributions where conditional indepen-
dence can be directly inferred from the precision matrix (Rue and Held, 2005). However,
for multivariate extremes, graphical models have only recently been developed for a class
of models known as multivariate Pareto distributions associated with the maximum risk
functional (Engelke and Hitz, 2020; Hentschel et al., 2024), with a focus on the Hiisler-
Reiss graphical model. Similar to the Gaussian graphical model, it has been shown that the
Hiisler-Reiss graphical model has a single precision matrix, termed as extremal precision ma-
trix, that encodes the extremal conditional independence structure, and the corresponding
graph should be connected (Hentschel et al., 2024). However, existing inference methods for
learning the graphical structure of the Hiisler-Reiss graphical model often fail to guarantee
the connectivity and tend to produce multiple disconnected components (Hentschel et al.,
2024; Wan and Zhou, 2025; Engelke et al., 2025). In the Gaussian setting, disconnected
graphical components are interpreted as full independence, but this interpretation does not
hold for the Hiisler-Reiss graphical model, as a single parametrized Hiisler-Reiss model can
only capture asymptotic dependence, but not asymptotic independence. Therefore, there
is a critical gap between the theoretical understanding and the methods for learning the
graphical structure, particularly in dealing with disconnected graphical components, which
requires urgent attention.

Current inference methods for graphical extremes with dimension d, including the EGlearn
(Engelke et al., 2025; Hentschel et al., 2024) and the extremal graphical lasso (Wan and Zhou,
2025), are based either on empirical variogram matrix, f(k), or empirical covariance matrix
of dimension d — 1 conditioning on each dimension k, K = 1,...,d. The EGlearn method

involves using the graphical lasso method with each r'® repeatedly and then aggregating



the learned d sub-graphs with d — 1 nodes into a single graph of d nodes, while the extremal
graphical lasso method in Wan and Zhou (2025) combines d empirical covariance matrices
into a single empirical covariance matrix and then applies the a graphical lasso method to
learn a single graph by penalising the entries of the precision matrix towards a positive
constant. Besides the lack of connectivity guarantee, both methods are not intuitive, as nei-
ther the empirical variogram matrix ™ or the empirical covariance matrix S*®) are directly
linked to the graphical structure unlike the precision (covariance) matrix in the Gaussian
graphical model. The EGlearn method can be potentially computationally expensive as it
requires d times of graphical lasso optimisation to be applied. In contrast, the extremal
graphical lasso method only requires one time of graphical lasso optimisation. However,
according to the simulation study in Wan and Zhou (2025), the extremal graphical lasso is
not as efficient as the EGlearn method and performs poorly in terms of F score, which is a
measure for predictive performance of identifying edges in the graphical structure, especially
when d is relatively large (d > 100).

In this paper, we propose a new efficient inference method for learning the graphical
structure of the Hiisler-Reiss graphical model while guaranteeing the connectivity, which is
directly using 3 different estimators of the extremal precision matrix’s pesudo-inverse. We
termed this pesudo-inverse of the extremal precision matrix as extremal covariance matrix.
We also showed that these extremal covariance matrix estimators, which are based on differ-
ent risk functionals,are consistent and unbiased, and we further justify our the usage of these
estimators by showing that these risk functionals will lead to a Hiisler-Reiss with the same ex-
tremal covariance matrix as long as they are in the max-domain attraction of a Hiisler-Reiss
max-stable distribution. With the estimated extremal covariance matrix, we then optimise
a graphical lasso objective function, assuming the model is extremal multivariate total pos-

itive of order 2 (EMTP2) (Rottger et al., 2023), to infer the extremal precision matrix. The



assumption of EMTP2 is not restricted at all as one would expect positive associations for
extreme random vectors and there are indeed many classic max-stable models preserving
the EMTP2 property. For Hiisler-Reiss graphical models, the EMTP2 condition essentially
means the extremal precision matrix is a M-matrix, i.e., off-diagonal elements of the extremal
precision matrix is non-positive. In the Gaussian setting, assuming the precision matrix is
a M-matrix and learning the precision (covariance) matrix has been widely explored in the
literature (Lauritzen et al., 2019; Ying et al., 2021; Kumar et al., 2019). However, assuming
the extremal precision matrix is a M-matrix will further make the extremal precision matrix
a laplacian matrix, i.e., rows of the matrix are summed to zero, which is a subset of the
M-matrix family. If the extremal precision matrix is a laplacian matrix, then, we can enforce
the connectivity of the learnt graph by imposing spectral constraints on the eigenvalues of
the extremal precision matrix. In this paper, we adopt the algorithm from (Kumar et al.,
2019) to learn the structured graph via spectral constraints, which only require one time
optimisation and is computationally efficient. Other graphical methods with laplacian con-
straints can also be used potentially, such as Ying et al. (2020, 2021), where a generalized
lasso penalty is used rather than the L; norm penalty on each off-diagonal element of the
estimated precision matrix, since simply optimizing the graphical lasso with laplacian con-
straints will not lead to a sparse graph when the lasso penalty is too large, instead, it will
lead to a complete graph (Ying et al., 2020). Rottger et al. (2023) used a similar approach
as in Ying et al. (2021) but without the sparsity regularization to learn a connected graph
under EMTP2 assumption. Therefore, their method cannot guarantee sparsity of the learnt
graph and it is not designed for structure learning. Moreover, Engelke et al. (2025) also
showed that the method in Rottger et al. (2023) does not perform well, especially in high
dimensions.

While independence assumption is made for disconnected components, i.e., the precision



matrix is a block diagonal laplacian matrix, our approach can also accommodate it by im-
posing spectral constraints and learn the exact disconnected components given the correct
number of disconnected components, which provides a new tool for clustering independent
components. This is not done by direct usage of the estimated extremal covariance matrix
since the estimator for the extremal covariance matrix is only designed for a single dependent
component. Moreover, since the data we have is usually not already following an extreme
distribution, but only assumed in the max-domain attraction of a Hiisler-Reiss max-stable
distribution. Thus, we need first to make sure all the components converges to the multi-
variate Hiisler-Reiss distribution based on the minimum risk functional. Then, the sample
covariance matrix of the threshold exceedances will preserves the independence information
as block diagonal matrix. With this sample covariance matrix, we then learn the discon-
nected clusters by minimising the same objective function as in (Kumar et al., 2019) with
spectral constraints. Additionally, as one can regard the extremal correlation as a measure
of similarities, we also propose a hierarchical clustering method (Murtagh and Contreras,
2017) based on the estimated extremal correlation matrix to identify multiple independent
Hiisler-Reiss Pareto components, which provides another tool for clustering independent
components.

This paper is organized as follows: In Section 2, we start by establishing results for r-
Pareto processes equipped with marginal exponential tails, where we show that with a new
family of risk functional will leads to a r-Pareto processes with the same exponent function.
We then introduced the definition of the Hiisler-Reiss graphical models and the extremal
covariance matrix, as well as two estimators of the extremal covariance matrix in Section 3.
In Section 4, we introduced the spectral graphical lasso method based on the extremal
covariance matrix. When we have multiple disconnected graphical components, we assume

they corresponds to independent multivariate Pareto distributions. We also discussed the



connection between the independence definitions from Engelke et al. (2024) and Strokorb
(2020), and showed that their definition is not well defined. We establish two different
methods to learn the disconnected components, one is based on the spectral constraints and
the other is based on hierarchical clustering method using the extremal correlation matrix.
In Section 5 and Section 6, we validate our method through simulation studies and two real

data applications. We conclude with a discussion in Section 7.

2 Pareto Processes with Exponential Marginal Tail

Multivariate Pareto distributions are a class of distributions that are used to model peaks
over thresholds exceedances defined via a homogeneous risk functional r(-), i.e., r(cx) =
cr(z),c > 0 (Dombry and Ribatet, 2015), when marginally equipped with a Pareto tail.
However, when we simply take a logarithmic transformation of the Pareto distributions and
assume the marginal distribution has standard exponential tails, it becomes unclear how
to define the associated risk functional r(-). Direct mapping the exponential tail back to
the Pareto tail by taking exponential transformation make the interpretation and inference
awkward as r(exp(-)) is no more a homogeneous function, whereas homogeneity is often a
desirable property. In this section, we extend the concept of Pareto processes to the case
where marginal tail distribution is assumed to be standard exponential. We borrow the
notion in Dombry and Ribatet (2015) and introduce modified theory of Dombry and Ribatet
(2015, Theorem 1) by simply taking logarithmic marginal transformation of the random
variables, where equivalency between the convergences of the measure of pointwise maxima
and the measure of the threshold exceedances associated with the supremum function for
random variables with standard exponential tail is established. Let T" be a compact metric

space and C = C{T, [—00, 00)}, the Banach space of continuous functions from 7" to [—o0, o),

and Cy = C\{—o0}.



Proposition 1 (Theorem 1 in Dombry and Ribatet (2015)). Let X1, Xo, ... be independent
copies of a random process X with samples path in Cy and standard exponential tail, i.e.,
Ju e RPr(X(t)—u>x|X(t) >u) =e® forx >0,t €T. Let a(n) = sup{z > 0 :

Pr(sup, X (t) < x) <1 —1/n}, then, the following statements are equivalent:

1. M,(t) = max{X;(t),..., Xu(t)} —a(n),t € T converges in distribution to a max-stable
random process with exponent measure A(-) and Gumbel margins as n — oo, where
Alu + A) = exp(—u)A(A) for all measureable set A C Cy and A is a continuous

measure on C.
2. nPr (X —a(n) € -) converges weakly to A(-) as n — oc.

3. Pr(X —n € |sup, X(¢) > n) = A(- N Coup)/A(Csup) as n — oo, where Coyp = {zx € C:

sup, z(t) > 0}.

In contrast to the homogeneity assumption typically imposed on r(-) for r-Pareto pro-
cesses with marginal Pareto tails, we instead require that the risk functional r(-) satisfies the

following linearity condition:
r(x+a)=r(z)+aaeR, zel. (1)

This class of risk functional includes, r(z) = sup, (t), r(x) = inf, z(t), r(x) = z(t),t € T, and
r(z) = [pw(t)z(t)dt/|T|, where w(t) > 0 and [, w(t)dt = |T'|. The following two theorems
establish the equivalency between the convergence of the measure of pointwise maxima and
the measure of the threshold exceedances associated with the supremum function for random
variables with standard exponential tail, which is a direct extension of Proposition 1 to the

case where r(-) satisfies the linearity condition in (1).

Theorem 1. Assume r(-) satisfies the linearity condition in (1), and let X be a random



process such that the following weak convergence holds,
Pr(X —u e r(X)>u) - Pr(Y €),u — .

Then, the random process Y is either a Pareto process or Pr(r(Y) = 0) = 1. Moreover, if Y

is a Pareto process, then the following statements hold and are equivalent:
1. Pr(r(Y)>0) >0 and Pr(Y —u e -|r(Y) >u) =Pr(Y € ) foru>0.

2. r(Y') has a exponential distribution, i.e., Pr(r(Y) > u) = e ™ foru >0, and r(Y') and

Y —r(Y) are independent.
3. Pr(r(Y) > 0) =1, and for u > 0 and measureable set A C C,, we have

Pr(Y € A+ u) = exp(—u)Pr(Y € A).

The proof of Theorem 1 can be found in Appendix A.1.

Theorem 2. Suppose the random process X satisfies any statement in Proposition 1 and

r(-) satisfies the linearity condition in (1), then we have the following weak convergence:
Pr(X —ue |r(X)>u) = Pr(Y €),n = o0,
where Y is a Pareto process with risk functional v(-) as defined in (2).

The proof of above theorem is similar to that of Dombry and Ribatet (2015, Theorem 3),
which use the convergence in the second statement of Proposition 1 as a condition to prove
the convergence above, then use the results in Theorem 1 to show the limit distribution is a
Pareto process defined in (2).

Theorem 2 and 1 combined suggest that, if X is in the max-domain of attraction of a
max-stable process with Gumbel margins, then its threshold exceedances over the exceedance

region defined via the risk functional, r(-), which satisfy the linearity condition in (1), will
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converge weakly to a Pareto process Y defined in (2). Different risk functional r(-) yields
different Pareto processes but with the same exponent function A(-), and with such risk

functional satisfying (1), the Pareto process Y has the distribution
Pr(Y € ) =A(-NC,)/AC,), C ={x €Cy:r(z) >0}, (2)

where A(u + A) = exp(—u)A(A),u € R. For extremal graphical learning, this allows us to
choose certain risk functional such that the inference can be significantly simplified and can
be made efficiently. In the next section, we introduce the Hiisler-Reiss graphical models,
which is a Hiisler-Reiss Pareto process restricted onto finite dimensions, and the associated

extremal covariance matrix.

3 Husler-Reiss Graphical Model and the Extremal Co-
variance Matrix

To introduce the Hiisler-Reiss graphical models, we first introduce its corresponding max-
stable distributions, which are the essential building block for multivariate Pareto distribu-
tions. Max-stable processes are a class of models used for modeling extremes, particularly for
block maxima. They serve as the limiting process for componentwise maxima after suitable
affine transformation (Resnick, 2008). It has been established that max-stable processes, de-
noxted as Z(s), with unit Gumbel margins, i.e., Pr(Z < z) = exp{—exp(—2z)} for z € R, can
be represented using a spectral representation (de Haan, 1984). The spectral representation

is given by,

Z(s) =sup R; + Wi(s) — a(s), s €S, R; ~ PPP(exp(—r)), for r € R, (3)
=1

1=

where W(s) is a spatial process, R; are the points of a Poisson point process (PPP) of

intensity exp(—r), and a(s) is a constant such that Elexp(W(s) — a(s))] = 1. The finite



dimensional distribution of Z(s) at locations sy, ..., s4 is expressed as
Pr(Z < z) =exp{-V(2)}, V(z) = / 1 —Pr(W —a+rl < z)dexp(—r), (4)
Ry
where V(z) = A{z € £ : max; z; — z; > 0}), € = [—00,00)?\{—00}, is called the exponent
function and A is the exponent measure over the support domain £. Suppose now we take W

as a random vector and assume W; = 0 almost surely, then the exponent function becomes

V(z) = /Zl exp(—r){l —=Pr(W_; +rl —a_; < z_q)}dr + exp(—z1). (5)

[e.e]

and, the associated intensity function is given by

V(2
K(Z) = _8821‘,/_,(82)(1 = eXp(_Zl>fW71(zfl +a_ 1 — 211)7 (6)

where fy denotes the density function of the random vector W. The results are summarised

in the following proposition.

Proposition 2. For maz-stable processes defined in (3), where the constituent process W is
taken as a process satisfying condition that Elexp(W (s) — a(s))] =1 and W (sg) = 0 almost
surely, the exponent function in at locations sq,...,Sq is giwen in (5) and corresponding

intensity function is given in (6).

Suppose we have a random vector, X, with unit exponential margins, which belongs to
the max-domain attraction of the aforementioned max-stable distribution. In this case, we
have max!_; X; — log(n) 4z , which can be also expressed as the following convergence

(Resnick, 2008, See also Theorem 1),
nPr[X —log(n) € -] = A(:), n — oo, (7)

where A is the exponent measure. Then, we have the weakly convergences, (X — X7, X5 —

X1, Xg — X1)| X1 > log(n) - W_1 —a_; as n — oo (Engelke et al., 2015, for the

10



Hiisler-Reiss case). This result enables us to translate the inference for extremes to the
inference for W, and for the Hiisler-Reiss max-stable process, the spatial process W (s) in
(3) is taken to be a Gaussian process. Kabluchko et al. (2009) suggested that the Hiisler-
Reiss max-stable process only depends on the variogram of the Gaussian process, meaning
that the constituent Gaussian processes W (s) in the spectral representation are only defined
up to Gaussian increments, i.e., W (s) has zero mean and E[(W (s;) — W (s;))?] = 7i;, and the

normalizing constant a(s) is chosen accordingly. The exponent function of the Hiisler-Reiss

d
i,j=1"

distribution is determined by the variogram matrix I' = (v;5) However, the variogram
matrix alone cannot fully determine the distribution of the constituent Gaussian vector W'.
To make the Gaussian vector W well-defined, one option is to fix a single component of
the Gaussian vector to be zero almost surely, as we did in Proposition 2. This allows us
to translate the inference for the extremes of X that are in the domain of attraction of
Z to the inference for W, a Gaussian random vector. It might be reasonable to assume
that the Hiisler-Reiss max-stable random vector Z has a conditional independence structure
similar to that of the Gaussian random vector W. However, this is not true. In fact,
conditional independence for Z with a continuous density implies full independence for Z

(Papastathopoulos and Strokorb, 2016). For extremes, Engelke and Hitz (2020) introduced

the concept of extremal conditional independence and Markov property for the multivariate

u
max’

Pareto random vector, Y, with exceedances region defined as £ where the risk functional

r(+) is the maximum, i.e., £, ={Y € £:7(Y) = max; V; > u}.

max

The distribution function for multivariate Pareto distributions can be found as

Pr(Y <y) = lim Pr(X; —log(n) < y|r(X) > log(n)) = Mgr@et eu) ()

The multivariate density function will be given by

r(y)
A({ze&:r(x)>0}) (9)

11



and we denote the multivariate Pareto distribution as Y ~ Pzo, where A(L?) is positive and
finite. For Hiisler-Reiss model, the expression of £(-) in (6) is not unique as mentioned earlier,
which depends on the definition of the constituent Gaussian random vector W providing
the same variogram matrix, I'. Hentschel et al. (2024) used the expression in (6) and derived

the intensity function as

Proposition 3 (Proposition 3.4 in Hentschel et al. (2024)). The intensity function k(-) for

the Hisler-Reiss process can be expressed in terms of the variogram matriz I' as

k(y) = (2m) "4 D2(@710],) Y exp (—iy'Oy — (50r'1 - 11)Ty — L17(Ter + 2I')1)
(10)
where © is the Moore-Penrose pseudo-inverse of the matriz ¥, = —1/2(I—3111)T'(I—111T)

and |-+ denotes the generalized determinant, which is the product of the non-zero eigenvalues

of the matrix.

The matrix Y, satisfying >.1 = 0 is a unique positive semi-definite matrix that defines
the intensity function of Hiisler-Reiss process since the extremal precision matrix uniquely
defines the intensity function. Therefore, we have the following definition for the extremal

covariance matrix.

Definition 1 (Extremal covariance matrix). The matriz 3. is called the extremal covariance
matrix of the Hisler-Reiss process if ¥, is the Moore-Penrose pesudo inverse of the extremal
precision matriz. Both of the extremal covariance matriz and the extremal precision matrix
are positive semi-definite such that .1 = 0,01 = 0, and define the same intensity function

of Hiisler-Reiss process.

Let G = (V, E)) be a graph, where theset V' = {1,...,d} denotes the nodes and £ C V' xV
denotes the undirected edges between pairs of nodes. For the multivariate Pareto random

vector Y ~ Pru u € R with standard exponential tail, Pr[Y —u > y|Y > u| =e™¥,y > 0,

12



extremal conditional independence between ith and jth components is defined (Engelke and
Hitz, 2020) as

k k k
YO =¥y >vand VY LYV Ve, (11)

and we denote the extremal conditional independence as Y; 1L, Yj|Y\{m~}. Notice that the

0

max’

above definition is for standard exponential tailed variables with support £ the original

extremal conditional independence is defined when Y has a unit Pareto tailed distribution

1

Lo (Engelke and Hitz, 2020) and corresponding multivariate density function

with support £
is homogeneous of order —(d+1). However, since the risk functional 7(x) = max; x; preserves
monotonic marginal transformation, such as the logarithmic transformation, the definitions
defined over the exponential tail and the Pareto tail are equivalent. The extremal precision
matrix © in (10) encodes the information of the graphical structure similar as the precision
matrix of Gaussian graphical models, where off-diagonal zero entries imply extremal condi-
tional independence. However, O is not of full rank, and it has a rank of d —1 with null space
1, ie., ©1 = 0. Wan and Zhou (2025) proposed a complicated estimator for the extremal
covariance matrix ¥, and then used graphical lasso method, termed as extremal graphical
lasso, to learn the graphical structure based on the estimated .. The estimator for 3. is
formulated as
d d
50 =13 "5 - (dig > 1TS(’“)1> 117, (12)
k=1 k=1
where S is the empirical sample covariance of Y *) — Yk(k)l. It is worth noting that
1 =0 by design, indicating that the estimator preserves the null space of ¥.. Another
graphical inference method, called EGlearn, proposed by Engelke et al. (2025), learns the
graphical structure of each component using the Gaussian graphical lasso method based

on the sample covariances S*). The learned sub-graphs are then aggregated into a single

graph using majority voting. Additionally, Engelke et al. (2025) proposed an estimator for

13



I', termed as empirical variogram matrix and showed that the estimator [ is a consistent
estimator for I' under certain assumptions. Therefore, a second estimator, denoted as £

for 3, will be simply replacing I' with its estimator f, given by
~ d ~ ~ ~
[=23Y"TW 50 =_1/2(1-311")I(I -1117), (13)

where T®) is the empirical variogram matrix of Y ® — Y ¥'1  and the estimator £@ is also
used in Rottger et al. (2023). Wan and Zhou (2025) conducted a simulation study showing
the performance of their extremal graphical lasso method is comparable with the EGlearn
method only in certain cases, but worse in high dimensions (d = 100) especially when the
truth graph is sparse. However, both of the inference methods do not guarantee connectivity.

Wadsworth and Tawn (2014) provided another expression of the intensity function as

K(y) =(2m) DS T2 T2 x (14)
_ - Ty-1(yta CqN—
exp (—%(y +a)' (2—1 — %) (y+a) - 12589 4 L(1Ts 1) 1) ,

where Y is a well-defined covariance matrix, i.e., ¥ is positive definite, of the Gaussian
vector W such that ' = diag(¥)1" + 1diag(X)" — 2. As (10) and (14) are equivalent
(Kabluchko et al., 2009), we have © = X1 — ¥7111T271/(172711), and they encode the
same graphical structure. In the next section of the paper, we will explore the relationship
between the matrix © and X, and establish a new expression of the intensity function directly
based on the matrix ©.

Hentschel et al. (2024) mentioned that when restricting the support of Y to the space
{y € £: 1Ty > 0}, the intensity function x(y) is proportional to the density function of a
random variable W’ 4+ R'1, where W’ is a Gaussian random vector with precision matrix ©
such that S¢_ W/ = 0 and R’ ~ Exp(1) with W’ 1L R. Similar results can be also found in
Wan (2024), where they proposed to conduct principal component analysis for multivariate

Pareto random variables restricted on the hyperplane.
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Let the extremal precision matrix © has eigenvalues Ay = 0, Ay > 0,..., Ay > 0 and their

corresponding eigenvectors e; = 1/\/3, €s,...,€e4 50 that
d
©=> X\ee =ABA'
i=1

where A = (ey,...,eq), B = diag(\1,...,\q), and ATA = I. The IGMRF of order 1
with linear constraint of order 1, i.e., Z‘jzl W, = 0, can be sampled as W = AE, where

A= (ey...,eq) and E ~ N(0,B = diag(\;',...,\;")). Obviously, we have W1 = 0.

The spectral representation for the new model is given by
Z = m‘:alx Ri1+ W, —a, R; ~PPP(exp(—r)), for r € R, (15)

where W; are independent copies of W and a = diag(AB~'A)/2. Here, we use the @ to
differentiate from the notation used in (3). The new max-stable model in (15) has intensity

function as
@) = [ exp(-rlr g dle - 11+ @ (16)
d
= (2)" @D/ (H )\3/2) exp {—%(w +a)'O(x+a)— @} ,x €&
1=2

As for the corresponding multivariate Pareto distribution Y with risk functional r(x) =
1/dY", x;, we have the independence between 1/d > 7Y; and Y — 1/d Y7 Y;, which can be
easily seen from Theorem 1. The term 1/d Zf Y; can be regarded as the extremeness level,
and Y —1/d Z?Y; represents the extremal dependence. Indeed, one can find Y ~ Pru,

L, =={xef:1/d>, x; > u}, can be expressed as,

avg ~
Y=R1+W—-a,R—a'l/d—u~Exp(l), W~GMRF(©), W'1=0, (17)

From above representation, to simulate from the multivariate Pareto distribution exactly

u

over the region L,

we can simulate the extremeness level and the extremal dependence

independently as follows: First, we simulate a GMRF with precision matrix ) with the

15



linear constraint W1 = 0. Second, we simulate a random variable R from the standard
exponential distribution. The resulting random vector, Y = R1+ W —a, Y € Lies
will follow the multivariate Pareto distribution with the intensity function as above. More-
over, if we set X! = © + 7/d11T,V 7 > 0 in (14), then, we have |[Z7}/2(1Tx~11)~1/2
= (10, M)V (rd) 2 = dV2([TL, M%) and @ = @ — -1, Then, the equation in (14)
is equivalent to the equation in (16). Therefore, the new model parametrized by the improper

precision matrix © with exceedance region L3, and model in (14) with ¥~ = © + 7/d117

over the same region Eavg are the same model with intensity function

K(x) = (27T>—(d—1)/2|@|;1/2d—1/2 exp {_%(m +a)" 0 +a)— (:1:+a) n m}

which implies that our multivariate Pareto distribution Y is equivalent to the multivariate
Pareto distribution defined in Proposition 3 over the region Ly . Alternatively, as £}

avg

u
Emax?

one can simulate samples from the multivariate Pareto distribution over Ly, using
rejection sampling by firstly simulating from the multivariate Pareto distribution over £ .
and then take the samples that are in L},

Theorem 2 suggests that if the random vector X is in the max-domain of the Hiisler-
Reiss max-stable distribution, then threshold exceedances, X — u|r(X) > w, converges to
Y in distribution as u — oo with the same intensity function (-) but different support
domain, £% where r(-) satisfies the linearity condition in (1). Therefore, based on the
representation in (17), the graphical structure of the multivariate Pareto distribution, ¥ ~
Pro , can be learnt by using the graphical lasso method with the sample covariance matrix

for Y —1/d 3%V, Y € £2,,, which is summarised in the following theorem.

avg)

Theorem 3. Let Y follows the multivariate Hiisler-Reiss distribution over the region LY

then the sample covariance matriz, 53 ,of Y — l/dz Y, Y € Egvg s a consistent estimator

for the covariance matriz ©® = ABAT such that S®1 = 0 and ® is the Moore-Penrose

pseudo-inverse of the matriz © in (10).
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The proof is simple: ¥ — 1/d Z?Y}, Y € L, follows the Gaussian distribution with
covariance ABAT, which is a direct result of the representation in (17). ABAT is the Moore-
Penrose pseudo-inverse of ©. Hence, the sample covariance 513 is a consistant estimator of

3)1 = 0 by design.

the Moore-Penrose pseudo-inverse of © and we have 5
Exploring the expression in (14) further, When ¥ ! = ©+rdiag(1,0,...,0), the intensity

function will be given by

r(x) = (2m) "W D/2| 0727 2 exp {-Yx+a)'O(x+a)— (v1+a)+5+}.

Although above expression are not directly useful for learning the extremal graphical model,
they provide insights into the relationship between the extremal precision matrix © and the
proper covariance matrix ¥ in (14). Moreover, it is important to note that the covariance

matrix X is not unique for a given O.

4 Structured Graphical Learning and Extremal Inde-
pendence

The main goal of this paper is using the estimated extremal covariance matrix i(l), S and
5@ to learn graphical structures for multivariate Pareto distribution, which can also guar-
antee of connectivity. In the case of disconnected components, we should able to interpreted
it as fully independence between the disconnected components. For multivariate Gaussian
distribution, when assuming the Gaussian density function f(-) is multivariate total positive

of order 2 (MTP2), that is

flevy) flxny) > f(x)f(y)

Then, the Gaussian precision matrix () has all non-positive off diagonal elements @Q;; <
0,7 # j. The MTP2 condition is a way imposing positive associations among variables.

For Gaussian models, MTP2 condition means all correlations and partial correlations are

17



nonnegative. Rottger et al. (2023) proposed a similar concept for multivariate Pareto random
vector Y as well, which is called EMTP2, and they call Y is EMTP2 if and only if Y*)
is MTP2 for all kK = 1,...,d. If Y is EMTP2, then, the precision matrix © is a laplacian
matrix, i.e., @ € M ={M € R>?: M1 =0; M;; <0,i # j}. The EMTP2 condition is not
restrictive at all as one would expect positive associations for extreme random vectors and
there indeed many classic max-stable models that satisfy the EMTP2 condition, including
extremal logistic (Tawn, 1990) and extremal Dirichlet distributions (Coles and Tawn, 1991).
Indeed, if © is a laplacian matrix, the conditional mean of each component in W from (15)

defined over the hyperplane {w € £ : 17w = 0} (Rue and Held, 2005) is

E[W;|[W_4] 2—91“ Z O4Wj, (18)

Ji(i,4)EE

which is a weighted average among the neighbours of W; with positive weights 0,5, (i,7) €
E as — Zj:(m)eE ©;; = ©;; > 0. This allows us to learn the graphical structure of the
multivariate Pareto distribution Y from the derivations of W from its overall mean, where
the overall mean is specified by the random component R in (15). Intuitively, if a rain storm
happens in a region, the graphical dependence structure measures the associations among
the derivations of the rain storm at each location from their average over the whole region.

Therefore, from now on, we can reasonably assume © is a laplacian matrix of the Hiisler-
Reiss graphical model of dimension d, and let A = (\q,..., ;) be its d eigenvalues. It is
well studied that the multiplicity of the zero eigenvalue of a laplacian matrix equals to the
number of disconnected components in the graph (Chung, 1997). For the extremal precision
matrix O, we have rank(0) = d — 1 and the multiplicity of the zero eigenvalue is 1, which
means the graph is connected (Hentschel et al., 2024; Engelke and Hitz, 2020). Kumar et al.

(2019) proposed a method to learn the Gaussian graphical model with spectral constraints,
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Sy, over the eigenvalues \;, 1 =1,...,d, where S, is specified as
Si={{N =01 <A < S A< e} (19)

The constants ¢; and ¢y are the chosen hyperparameters that represent the minimum and
maximum for the eigenvalues, and m is the number of disconnected components in the graph
G, which should be 1 for the Hiisler-Reiss graphical model.

When m > 1, laplacian matrices with eigenvalues in Sy are block diagonal matrices with
m blocks, and the pesudo-inverse of the laplacian matrix is also a block diagonal matrix
with m blocks. For a Gaussian graphical model with such laplacian matrices, the graph
will be disconnected with m disconnected components, and disconnected components are
independent with each other. The problem of learning the precision matrix © giving matrix

S can be formulated as maximizing the following objective function (Kumar et al., 2019)
maximizeg log [0, — tr (6.5) — ah(O), (20)

where |- |; denotes the generalized determinant, tr(-) is the trace operator, h(©) is a Ly norm
penalty function on all off-diagonal elements of ©, and o > 0 is a regularization parameter.
If we restrict the precision matrix © to be a block diagonal laplacian matrix with m blocks,
giving the matrix S is also a diagonal block matrix with m blocks. The precision matrix @)
that maximizes the objective function in (20) will have the same block structure as S. This
can be shown by factorizing the term tr(©.S) according to the block structure of S and take
O = Z?:m 4 M\ie;e; . Then, e;e] will have the same block structure as S.

Suppose now we have random vector X = (X4, Xp) with exponential marginal tail,
where sets A and B form a partition, and X is in the max-domain attraction of the a max-
stable distribution with exponent measure A. Then, we call X4,, i =1,...,m, are extremal

independent if

lim HQPF(XA — log(n) € CA,XB — log(n) S CB) = AA(CA) X AB(CB) (21)

n—o0
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where A;(-) = A{zx € E:x; €+, - C E}) and & = [~00, 0]\ {—00}. With the minimum
risk functional, we can have

Aa(Cay ﬂﬂ?nin,A) xAp(Cp nL?nin,B)

Aa(L0 YAB(LO ) ’

min, A min, B

(22)

lim Pr(X4—u€Cy,Xp—u€CplmnkX; >u)=

u—o0
where L0, ; = {x € &' : min; ; > 0}. Thus, we can bring all the components X; into their
Hiisler-Reiss multivariate Pareto distribution with the minimum risk functional. Then, the
matrix S that can preserving the extreme independence information of the corresponding
extreme random vector Y, and Yy as diagonal block structure can be constructed as the
sample covariance matrix of X |min; X; > u, where u is a large threshold.

This definition of extremal independence is different from the one defined in Engelke et al.
(2024, Proposition 5.1), where they defined the extremal independence through the infinite
exponent measure A. They call it extremal independence between components in A and B if
for any Y ~ Pg such that A(R) € (0,00), we have Y, and Yy are independent. They found
the extremal independence between Y, and Yp only exists when the joint exponent measure
put mass on the subspaces only, i.e., A(xy # —0o4 & xp # —oop) = 0, assuming A(C) is
finite over any Borel set, C, that bounds away from the infinity point {—oo}. Engelke et al.
(2024) and Strokorb (2020) showed its equivalency to the traditional extremal independence
that is the corresponding max-stable distributions with exponent measure A are independent.
However, if we use their definition of extremal independence and let R, = {x € £ : €™ > €},
e > 0,a € A, A(Ru.) € (0,00). Then, we have A(Rq.) = Aa(RZ,) + Ap(EP), where
R} ={x € £ : €™ > €}, since R, and EP are the restricted sets of R, onto the subspaces
E4 and £P and A only has positive mass on the subspaces, i.e., {—0c04} x EPUEA x {—oop}.
Therefore, we have Ag(EP) € (0, 00), which implies that marginally Yz has positive mass at
the lower bound of the support, —ocop. With the same logic, we have A4(£4) € (0, c0), which
further implies the exponent measure A is a finite measure over £. This result contradicts

with the assumption that A is an infinite measure.
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Instead, use our definition of extremal independence in (21), we can notice that the
definition of the joint exponent measure A should be defined as a product measure, i.e.,
A(Cy x Cg) = As(C4) x Ag(Cp), whose support domain should be £4 x Ep, instead of £.
Given the infinite measure A and independence between Y4 and Yz, the marginal exponent
measures A4 and Apg should also be infinite measures over their marginal support, otherwise
some joint support restriction should be imposed and the joint support domain is not a
product space any more. Assuming A is an infinite measure, our definition leads to the
removal of the mass on the lower bound of the support —oos and —oop, meaning there
is no mass on any subspaces {—oos} x £P and €4 x {—oop}. This is consistent with
the independence definition in classic probability theory, and assuming the independence
between Y, and Yp, we should have the marginal exponent measures A4 and Apg first to
define the joint exponent measure A. The definition in (21) also extends natually to the case
of multiple components, m > 2. Unlike the extremal independence definition in Engelke et al.
(2024), the joint exponent measure should has the property that A((Ca+uas) x (Cp+up)) =
exp(—ug — up)A(Ca x Cp), where uy and up are constants. One should notice that our
definition is not equivalent to the traditional extremal independence defined using max-
stable distributions. The intuition behind this is that the convergence of X by taking
threshold exceedances or pointwise maxima are different, just like we can have conditional
independence for multivaraite Pareto distributions but not for their corresponding max-
stable distributions. Further discussions on extremal independence is out of scope of this
paper. Next, we will use the sample covariance matrix of X|min; X; > u, where u is a large
threshold, together with the structural graphical lasso method introduced later to infer the
independent components in the graph G.

To solve the optimisation problem in (20), we can reformulated it as the following mini-
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mization problem as in Kumar et al. (2019), termed as spectral graphical lasso,

minimize,, » y — log ‘Udiag()\)UT}T + tr (]—"w(i(i) +a(l — 11T))) + 2| Fw — Udiag(ANU || %

(23)
subject to A € Sy,w > 0,U'U =1,
where || - ||z denotes the Frobenius norm, and F is a linear operator that transform w €
Rix(dfl)/ *to a laplacian matrix as
—Witn,, >

=2z (Fw)ij, i=7j.

The linear operator Fw is designed to ensure that Fw € M. The last term in (23) ensures
that Fw converges to the matrix Udiag(\)U ", where each column of U represents the or-
thogonal eigenvectors of Fw. This allows us to control the eigenvalues of Fw by penalising
it towards the desired group structure presented in Udiag(\)U " with the penalising parame-
ter 8. The first term in (23) is the log-determinant of the precision matrix ©, and the second
term is the trace of the product of Fw and the estimated covariance matrix i(i), with an
additional regularization term that promotes sparsity in w through the parameter «.

When we do clustering, we adopt an adaptive strategy for hyperparameter [ inside the
optimizer, that is we increase the value of 3 to enforce connectivity, when the number of
zero eigenvalues in A is larger than m, and decrease the value of § when the number of
zero eigenvalues in A is smaller than m. By doing so, we can make sure the number of
disconnected components in the learnt graph is exactly m. In practice, we first used the
adaptive strategy to learn the graph clusters, and then, for each learnt graph cluster, we
learn the graph with a mild 3, e.g., 5 = 1 to ensure fair estimation within each cluster.

Another way of identifying the number of independent components is to use the hierarchi-
cal clustering method, which is a well-know method for clustering (Murtagh and Contreras,

2017) in a data-driven approach. The hierarchical clustering method use a dissimilarity ma-
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trix to build a cluster tree. A naive way of constructing the dissimilarity matrix is to use

the extremal correlation matrix, x, where Y;; is defined as follows,

Xij = lim Pr(X; > u|X; > u). (25)

u—r00
The extremal correlation yx;; measures the extremal dependence between two components,
X; and X}, and it is bounded between 0 and 1. To estimate the extremal correlation, we can
choose a high threshold v and use the empirical conditional probability to approximate it. If
Xi; = 0, then X and X are asymptotical independent, otherwise they are called asymptotical
dependent. If X; and X, are extremal independent defined in (21), then x;; = 0. Then, the
dissimilarity matrix can be constructed as D;; = 1 — x;;. The algorithms assume each point
is a cluster at the initial stage. Then, it combines the two closest clusters into a new cluster
until all points are in one cluster. The distance between two clusters here is chosen to be the
complete linkage function, i.e., the maximum D;; over all pairs of points in the two clusters.
In this next section, we start with a simulation study to showcase the performance of the
proposed spectral graphical lasso method in (23) and the hierarchical clustering method with

various threshold w in estimating the extremal correlation matrix y in (25).

5 Simulation Study

We first examine the performance of the spectral graphical lasso in (23) together with the
hierarchical clustering method through simulation on various extreme graphical structures.
For this purpose, we randomly generated precision matrices © based on Barabsi—-Albert (BA)
model (Albert and Barabdési, 2002), which is an algorithms for generating random graphs
with a power-law degree distribution. The BA model contains various real-world graph
structures, including World Wide Web, citation network, and social network. It generates
graph in a way that, if a new node is added, it is more likely to connect to existing nodes that

already have a high degree (connections). The BA model has two parameters, the number
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of nodes, d, and a degree parameter ¢, which is the added number of edges when a new node
creates. If ¢ = 1, then we will have a tree graph structure. Suppose now we have a graph
G = (V, E), the corresponding precision matrix, O, is generated by the following:

—Unif(0.1,5), (i,5) € E, i >j

0;; = Oi, 1< (26)

- Zi/# Oirj, =7
This is the same approach that generates precision matrix as in Engelke et al. (2025) except
that we use 0.1 instead of 2 in their paper to allow for more flexibility. In our simulation
study, we randomly generate connected graphical structure, represented by the extremal
precision matrix ©, with dimension d ranging from 3 to 10 and a random sampled ¢ = 1 or
q = 2. Then, we randomly sample m = 3,6, 9 disconnected components from the previously
generated graphs, and generates 100 datasets of Y ~ Pro with various replicates n. The
number of replicates, n, in each dataset is chosen such that n/d = 10,50,100. We use
the proposed method in (23) and the hierarchical clustering method based on the extremal
correlation matrix y with threshold being the 20%, 50%, 80%, and 90% empirical quantiles.
The performance of the proposed methods is evaluated using the adjusted Rand index (ARI)
(Rand, 1971; Hubert and Arabie, 1985). Suppose, we have d variables in total, and a
true cluster partitioning of the data into m cluster sets, C1,...,C,,. The learnt cluster

partitioning consists of m' cluster sets, C1,...,C!,. ARI is defined as follows,

a=#{(,7):1<i<j<d 3k, Tks, st., i,j€Cp,NC, },

b:#{(laj) 1 §7'<j Sdaﬂklvﬂk% S't'7 Z?] ECkl ﬂC];Q}J

RI = Zm () 57 (757)

Rl= @) ’

where a is the number of pairs of variables that are in the same cluster in both the true

and learnt cluster partitioning, and b is the number of pairs of variables that are in different
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clusters in both the true and learnt cluster partitioning. RI is the expected Rand index
(RI) under random clustering. RI measures cluster agreements based on the number of pairs
of variables that are consistently partitioned into the same or different clusters, and it is
bounded between 0 and 1, where 1 indicates perfect agreement between the true and learnt
cluster partitioning, and 0 indicates no agreement between the two cluster partitioning. ARI
is a corrected version of RI, which takes into account the randomness of grouping of elements.
ARI is bounded between —1 and 1, where 1 indicates perfect agreement between the true
and learnt cluster partitioning, 0 indicates the learnt clustering is only as effective as random
clustering, and negative values indicate the learnt clustering is worse than random cluster-

ing. Figure 1 shows boxplots of adjusted Rand indexes for each case of the pre-mentioned

m=3 m=6 m=9
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Method: B3 Hierarchical 1 B3 Hierarchical 2 E3 Hierarchical 3 B Hierarchical 4 E3 Spectral

Figure 1: Boxplots of ARI for each case based on 100 simulated datasets using spectral
graphical lasso (Spectral) and hierarchical clustering method with threshold u being the
20% (Hierarchical 1), 50% (Hierarchical 2), 80% (Hierarchical 3) and 90% (Hierarchical 4)
empirical quantile, where n/d = 10,50, 100 and m = 3,6, 9.

simulation study, indicating the our proposed method based on spectral graphical lasso and
the hierarchical clustering method based on the extremal correlation matrix performs well
in terms of ARI across all cases. Moreover, the hierarchical clustering method with the
90% empirical quantile consistently yield better results compared with the case with lower

threhsold. With reasonable large enough dataset, the hierarchical clustering method with

90% empirical quantile and the spectral graphical lasso provide the best clustering results as
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ARIs are close to 1, which means almost perfect pairwise clustering agreements. As the sam-
ple size increases, the adjusted Rand index also shows improvements with less variabilities
across all cases.

As we have learned the graphical clustering structure, we now proceed to evaluate the
performance of the spectral graphical lasso in (23) against the EGlearn method within each
cluster. We generate 200 graphs from BA(d,q) model with a random generated precision
matrix ©, where d = 5,10, 20, 50,100 and ¢ = 1,2. For each graph and precision matrix, we
generated 100 datasets of Y ~ Pro  with various numbers of replicates, n, which is chosen
such that n/d = 5,10,50,100. We used the proposed method in (23) with i(i),z’ =1,2,3
to learn the extremal graphical structure, and compared it with the EGlearn method. The

performance of the proposed method is evaluated using F score, which is defined as

2#(ENE')
FEFD (27)

F score =
where E is the true edge set and E’ is the learnt edge set. The F score is a measure of
prediction accuracy, which considers both the precision and the sensitivity of the prediction
to compute the score. The F score is bounded between 0 and 1, where 1 indicates perfect
prediction, and the F score is a good measure of performance for the graphical structure
learning problem, as it takes both false positives and false negatives cases into account.
Figure 2 shows the boxplots of F score for each cases based on different d, ¢, n and inference
method. Results show that the proposed method in (20) with i(i),i = 1,2, 3 all yield similar
performance as the EGlearn method across all the cases in terms of the F score. Moreover,
as n/d increases, the F score also increases and shows less variability.

As the F scores for all the four methods are computed based on each dataset we simulated,
the F scores are naturally paired with each other across the four methods we evaluated here.

One would expect different precision matrix ©, which encodes the graph structure, and

different sample size will have major impact on the F score. Therefore, we also evaluate the
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Method: BE 1 BS 2 B 3 B3 EGlearn
Figure 2: Boxplots of F score for each case based on 200 graphs and 100 simulated datasets
for each graph using methods in (20) with £ (red), £® (blue) and £ (green) and the
EGlearn method (orange), where n/d = 5,10, 20, 50, 100, ¢ = 1,2, and d = 5, 10, 20, 50, 100.
performance differences between our methods and the EGlearn method given a particular
precision matrix © and sample size. To do this, we conduct a paired t-test on the F scores of
the proposed method using 5@ and the EGlearn method for each i = 1,2, 3. The alternative
hypothesis is that the F score of the proposed method using S0 s greater than the F score
of the EGlearn method. The significance level is set at 0.05. The results are shown in
Figure 3. Our proposed method outperforms the EGlearn method in most cases, especially
when ¢ = 2 with high dimensions, and ¢ = 1 with lower dimensions and smaller sample
size. With smaller sample size, the EGlearn method performs not as good as our method.
In lower dimensional cases, our proposed method using S and £© performs better than
using SO, In addition, we also conduct similar paired t-test with alternative hypothesis
that the F score of the proposed method using S0 is less than the F score of the EGlearn
method. The results are shown in Figure 4. The EGlearn method outperforms our methods

only when the graph structure is a tree, i.e., ¢ = 1, and the sample size is large. As we have

27



d=5 d=10

g 0.751

£ 0.501 - [ - TN - -t - -

8 0.251

=]

& 0.00{—"= , : - ' : - '
5 10 50 100 5 10 50 100

Figure 3: Barplots of the proportion of the F score of the proposed method using S0 s
greater than the F score of the EGlearn method for each case based on 200 graphs and 100
simulated datasets for each graph using confidence level, 0.05, where n/d = 5, 10, 20, 50, 100,
qg=1,2, and d = 5, 10, 20, 50, 100.
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compared the performances of the four methods, one may ask how much the performance
differences between our methods and the EGlearn method are. To answer this question,
we compute the average difference in 100% between the F score of simulation results using
method based on 5@ and the EGlearn method in each cases, where ¢ = 1,2, 3. The results

are shown in Table 1. As expected from the comparison using above boxplots, Table 1 shows
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Figure 4: Barplots of the proportion of the F score of the proposed method using S0 is less
than the F score of the EGlearn method for each case based on 200 graphs and 100 simulated
datasets for each graph using confidence level, 0.05, where n/d = 5,10, 20, 50, 100, ¢ = 1,2,
d = 5,10,20,50,100, ¢ = 1(red),2(blue),3(green). The red dashed line indicates 50% level.

our methods obtain significant performance gains against the EGlearn method when either
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sample size is limited (n/d < 10) or dimension is high (d > 10), especially for the case ¢ = 2.
The average F score differences can be as high as 36.35 out of 100 when d = 100,n/d = 5.
However, as sample size increases, the advantage of our method over the EGlearn method
decreases. In cases when the EGlearn method outperforms our method as indicated by
Figure 4, the average F score differences is considered small (less than 10%). Therefore, in
summary, our method outperforms the EGlearn method significantly when the sample size
is relatively small or dimension is relatively high. The proposed method using 53 obtains
a larger performance gains than using ©( and %), which is consistent with the results

shown in Figure 3 and Figure 4. A byproduct of the estimators i(i),i = 1,2,3 is that they

Table 1: Average difference in F scores (x100) using method based on 5@ and the EGlearn
method in each cases, where 1 = 1,2, 3.

n/d\d 5 10 20 50 100 5 10 20 50 100
SM 1456 19.29 2335 23.89 20.13  -3.16 553 11.69 21.04 26.58
5 Y@ 1579 20.40 23.88 24.00 20.14 2.39 6.43 1228 21.34 26.72

S® 1629 2240 25.84 25.04 20.72 3.19  10.52 1844 29.48 36.35

SM 1101 14.32 18.00 17.99 1440 -6.55 4.10 11.28 19.89 24.24
10 Y@ 1241 15.23 18.47 18.14 14.41 232 531 11.68 20.29 24.41
¥ 12,04 1591 19.16 18.37 14.44 2.83 889 17.03 26.93 31.40

~

M 163 094 137 -0.62 -3.29 -17.00 -6.72 342 814 8.46
50 @ 196 252 165 -0.57 -3.28 056 364 7.20 9.12 8.84
3 062 046 037 -1.35 -3.77 0.10 5.13 937 11.01 1047

S 642 -495 -460 -591 -7.64 -19.99 -13.98 -435 251 4.67
100 Y@ 248 252 -429 -589 -7.64 0.11 213 382 454 5.24
@) 574 -527 -590 -6.84 -819  -1.18 2.01 4.03 4.78 5.68

can be used to estimate the ' using the transformation I' = diag(3)1" + 1diag(¥)" — 2%
by replacing the matrix with corresponding estimates. We can use the mean squared error
(MSE) of the estimated I" to evaluate the performance of the estimators. The MSE is defined

as average of the squared differences between every entries of the estimated I'" and the true
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['. Table 2 shows the results of the average MSE of the estimated ' using the estimators
ﬁ("),i = 1,2,3 and the estimated laplacian matrix returned by the optimizer in (20) using
53, denoted by Fwy. Notice that the estimated variogram matrix using £ will produce
the same estimator as the I' in (13). The results show that the proposed method in (20)
with i(i),i = 1,2, 3 all yield similar performance as the EGlearn method across all the cases
in terms of MSE. Surprisingly, when the graph structure is a tree, i.e, (q=1), the MSE is
significantly larger than the MSE for the case ¢ = 2. When ¢ = 2, the mse is much smaller.
Our results also show that the proposed method in (20) with S0 5 =1,2,3 all yield similar

Table 2: Mean squared error of the estimated I' averaged across the 200 simulated graphs
and 100 datasets for each graph.

qg=1 q=2
n/d\d 5 10 20 50 100 5 10 20 50 100

3 241 4.15 690 9.33 11.14 0.15 0.11 0.07 0.06 0.05
Fw, 3.06 447 7.73 771 9.72 0.10 0.07 0.07 0.06 0.05

5 ~
¥ 352 483 570 10.55 10.77 0.13 0.07 0.06 0.06 0.05
M 298 476 6.71 10.07 10.19 0.09 0.07 0.05 0.05 0.05
S® 283 399 670 9.15 11.00 0.19 0.12 0.08 0.08 0.06
10 Fwy 294 436 745 7.59 9.54 0.11 0.07 0.08 0.07 0.06

S 336 459 549 10.30 1057 0.12 0.06 0.07 0.06 0.06
M 345 462 6.66 9.91 9.98 0.07 0.08 0.06 0.06 0.06

@) 270 3.89 652 9.01 10.87 0.22 0.13 0.08 0.10 0.07
50 Fw, 2.78 4.27 728 745 941 0.10 0.07 0.07 0.09 0.06

@ 320 442 531 10.22 10.43 0.17 0.06 0.07 0.07 0.07
M 324 443 6.51 9.81 9.83 0.10 0.08 0.05 0.05 0.06

@3 269 3.86 6.51 9.21 1098 0.23 0.14 0.07 0.09 0.07
100 Fw, 2.74 425 7.23 745 937 0.09 0.07 0.07 0.09 0.06

@ 319 4.39 527 10.15 10.36 0.17 0.04 0.06 0.08 0.07
M 322 441 651 9.63 9.77 0.09 0.07 0.05 0.05 0.06

performance as the EGlearn method across all the cases in terms of computational time.
The computational time increases as d increases. Though EGlearn method needs to learn

d sub-graphs, our proposed inference method has much more optimization constraints, Sy,
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and also need to update the orthogonal matrix U via singular value decomposition of matrix
Fw in each iteration in (20). However, our method can still be as computationally efficient,
and thus can be used to learn the graphical structure of multivariate Pareto distribution

with high dimensions.

6 Applications

In our application, we use two real datasets including one that has been demonstrated in
Engelke and Hitz (2020); Hentschel et al. (2024), to illustrate our proposed method, which
is the Danube river discharge network and is initially studied by Asadi et al. (2015). The
second dataset is the stock index in major stock markets around the globe. The Danube
river network consists of 31 nodes (stations) with daily 428 samples spanning from 1960
to 2010 after being declustered to remove the temporal clusters. The river flow network is
shown in Figure 5 at the top left with edge thicknesses indicating the average flow volume

between nodes and arrows indicating the flow directions. We first transform the data to the

u
min

standard exponential margins, and select the threshold, u, to be the 80% quantile in £
to identify the clusters as in (22) for spectral graphical lasso method and also in (25) for
hierarchical clustering method. Once we learnt the clusters, we use 80% empirical quantiles
as u within the estimator £® to learn the individual graph within each connected graphical
component. We set the number of clusters to be m = 1,2,...,5, and we plot the heatmap
of the estimated x matrix using 80% empirical quantile as the threshold in (25), together
with the learnt clustering structured in Figure 5 shown as colored bars for the rows (using
hierarchical clustering method) and columns (using spectral graphical lasso). Asm = 2, these
two methods yield the same clustering structure. For m = 3,4, 5, the RI index between the

two estimated clustering structure is maximized at m = 4, which is 0.51. The hierarchical

clustering method tends to cluster station 1, 13, 14, 15, 16, 17, 18, and 19 together as a single
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cluster but not with station 2, while the spectral graphical lasso method tends to cluster
station 1, 13, 28,29,30,31 together as a single cluster. According to the original river flow
network, we found the spectral graphical lasso method yileds more interpretable clustering
structuer as stations 1, 13, 28, 29, 30, and 31 are all connected and can be regarded as a single
river branch, while stations 1, 13, 14, 15, 16, 17, 18, and 19 are disconnected without station
2. The estimated graph using the spectral graphical lasso method is shown in the second and
third column of Figure 5 with colors indicating different clusters for m = 1,2, 3,4. The learnt
graph largly ensemble the original river flow network, and the disconnected components are
the points that are far away from the main river network in the upper stream with small flow
volume. The major river branches are identified as a single cluster in most cases, and the
most right river branch is identified as a cluster by itself in most cases, which is consistent
with the fact that its flow does not contribute to the river network on its left side.

The stock markets data contains stock index in 16 major stock exchanges around the
world, including Dow Jones Index (DJI) and SP500, which are the two most important
stock indexes in the US (denoted by NY: SP500 and NY: DJI), Nikkei225 (N225) in Japan,
FTSE100 in the UK, DAX in Germany, CAC40 in France, HSI in Hong Kong, ASX 200
in Australia and so on as shown in Figure 6. The dataset is obtained from Yahoo finance
and contains daily logarithmic return from 2000 to March in 2025. For each index, we fit a
time series model, ARIMA(2,1,2), to remove the trend and auto-correlation from the data.
Then, we obtain the fitted residuals as anomalies. We then transform the anomalies to the
standard exponential margins, and select the threshold, u, to be the 90% empirical quantiles
when estimate the y matrix and implement spectral graphical lasso method for clustering
as well as doing individual graph learning using spectral graphical lasso method.

The results are shown in Figure 6 as a circle according to their timezones with different

colors representing different clusters. Noticed that we moved the trading date of the North
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Figure 5: Estimated graph with number of clusters m = 1,2, 3,4 from the top left panel
to the bottom right panel in the second and third columns with colors indicate different
clusters within plot. The original river flow network is shown on the top left with line widths
indicating the average flow volume between the two nodes and arrows indicating the flow
directions.The heatmap at the bottom left shows the estimated xy matrix with the clustering
structure shown as colored bars for the rows (using hierarchical clustering method) and
columns (using spectral graphical lasso).

America forward by 1 day to match the trading date of the Asia and Europe. We also
plot the heatmap of the estimated y matrix together with the colored bar representing the
clusters similar as in Figure 5. The clusters patterns are more presented in the heatmap than
in the Danube river data as two methods yield same clustering structures up to m = 4. The
two Chinese stock indexes (Shenzhen and Shanghai) are always clustered together showing
unique market characteristics that are different from the rest developed markets. The (North
and South) American stock indexes are clustered together since they are all traded in the

same timezone and absorbing similar market shocks at the same time. The developed Asian

stock indexes are also clustered together as they are in similar timezones, and have similar
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market characteristics. The learnt graphical structure seem to suggest the trading timezone
can be regarded as the major common factor for the joint extreme market fluctuations,

though this has to be further investigated.

m=2 m=1 m=2
m=3
m=4 Sao Paulo Sao Paulo
m=5 NY: DJI Sydney NY: DJI Sydney
NY: SP500 Singapore NY: SP500 Singapore
Toronto Tokyo Toronto Tokyo
Value
1
0.8
Ef Madrid Taipei Madrid Taipei
0.2
0
Paris Hong Kong  Paris Hong Kong
London Shenzhen London Shenzhen
Y119 352S5 2838832825
55 8E58CERZSGEEEE Berlin Shanghai Berlin Shanghai
s E 5 566 Seoul Seoul
z I
m=3 m=4 m=5
Sao Paulo Sao Paulo Sao Paulo
NY: DJI Sydney NY: DJI Sydney NY: DJI Sydney
NY: SP500 Singapore NY: SP500 Singapore NY: SP500 Singapore
Toronto Tokyo Toronto Tokyo Toronto Tokyo
Madrid Taipei Madrid Taipei Madrid Taipei
Paris Hong Kong  Paris Hong Kong  Paris Hong Kong
London Shenzhen London Shenzhen London Shenzhen
Berlin Shanghai Berlin Shanghai Berlin Shanghai
Seoul Seoul Seoul

Figure 6: The estimated graphs with number of clusters m = 1,2, 3,4 from the second panel
on the top to the right panel on the bottom. The colors of the nodes and edges indicate
different clusters within each graph. The first panel on the top left shows the heatmap of the
estimated y matrix with the clustering structure shown as colored bars for the rows (using
hierarchical clustering method) and columns (using spectral graphical lasso).

7 Conclusion

In this paper, we proposed a new method to learn the graphical structure of multivariate
Hiisler-Reiss Pareto distribution under the assumption of EMTP2. We also justifies the
usage of the proposed method as a clustering method for the Hiisler-Reiss multivariate
Pareto distribution. To use the method, we propose three extremal covariance estimator,

S0 5 =1,2,3, where 5@ is newly proposed, () is originated from Wan and Zhou (2025),
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and £ is used in Roéttger et al. (2023). While those estimators are established based on

0

max

different support domains, i.e., £ and L,yg0, we showed that as long as these restricted
set is build based on the risk functional satisfying the linearity condition in (1), then the
corresponding multivariate Pareto distribution will have a exponent measure with the same
extreme precision matrix. The proposed method is computationally efficient and can be used
to learn the graphical structure of multivariate Pareto distribution with high dimensions
when comparing with the state of art method EGlearn (Engelke et al., 2025) for learning
extreme graphical structure. Our methods outperforms the EGlearn method significantly
when the sample size is small or dimension is high.

For clustering, we define the extremal independence based on the classic independence
definition, as contract to the extremal independence introduced by (Engelke et al., 2024),
where we showed their definition is contradictory and one need to remove the mass of the
exponent measure A on the subspaces instead of only putting mass on the subspaces. To
learn the independent multivariate Pareto components, we proposed two method, one is a
hierarchical clustering method using the empirical extremal correlation matrix, and another
is the spectral graphical lasso. Our method can consistently recover the true clustering
structure as demonstrated by the simulation study. The proposed method is also applied
to two real datasets, including the Danube river network and stock markets network, to
illustrate its performance. The learnt clustered graphical structure is meaningful and can be
sensibly interpreted. In our future work, we could investigate the theoretical asymptotical
properties of the proposed method and explore the possibility of extending the method to
other multivariate Pareto distributions. Also, as pointed out earlier, the two definition of
extremal independence built upon the max-stable distribution (the traditional definition)
and the definition based on the infinite exponent measure through the multivariate Pareto

distribution, should be also further investigated. Possible way to look at it is through the
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convergence of the distribution of X towards its extreme limit, whether via pointwise maxima

or the threshold exceedance.
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A Proofs of Theorems and Lemmas

A.1 Proof of Theorem 1

Proof. We begin the proof by showing the first statement holds given Y is a Pareto pro-
cess defined in (2), followed by showing all the statements are equivalent. First, we have
Pr(r(Y) > 0) = A({x € Cy : r(z) > 0} NC,)/A(C,) =1 > 0. Let A be a measurable set in
Co, then, we have

Pr(Y —uec Alr(Y) >u) =A{z €C:r(z) >u,x € A+u})/AN{z € Cy:r(x) > u})

=ANu+{zelC:r(z)>0,z € A})/ANu+{z € :r(x)>0})
=Pr(Y € A)

. Next, we show the first statement implies the second statement. With A = {z € C; :

r(z) > v},v > 0, we have Pr(Y —u € A|r(Y) > u) = Pr(r(Y) > v+ u|r(Y) > u) =

Pr(r(Y) > v). Thus, Pr(r(Y) > v+ u) = Pr(r(Y) > u)Pr(r(Y) > v), which leads to

Pr(r(Y) > u) = exp(—u),u > 0. To prove r(Y) and Y — r(Y') are independent, we let

A={ze€Cy:z—r(x)e€ B}, and we have

Pr(Y —r(Y) e B,r(Y) >u) =Pr(Y € A, r(Y) > u)

(
(Y
(
(Y

—ueArY)>u)
Y € A)Pr(r(Y) > u)
—r(Y) € B)Pr(r(Y) > u).

Pr
Pr
P

T

To prove the equivalency between the second and third statement, we define the set A, p =
{reCy:r(x)>v,x—r(x) € B}, where v > 0 and B € {z € Cy : r(x) = 0} measurable. We
have Pr(Y € A, ) = Pr(r(Y) > v)Pr(Y —r(Y) € B) = exp(—v)Pr(Y — r(Y) € B). Notice
that, u+ A, g = Ayyup, we have, Pr(Y € u+ A, g) = exp(—u)Pr(Y € A, g). The sets A, 5
forms a m—system, and hence, the condition Pr(Y € u+ A) = exp(—u)Pr(Y € A) holds for
all measurable set A. Now, it remains to prove the equivalency between the third and the
first statement. Let A € Cy be a measurable set and u > 0, then, we have

Pr(Y —u e Alr(Y) >u) =Pr(Y —ue A;r(Y) > u)/Pr(r(Y) > u)
= exp(—u)Pr(Y € A,r(Y) > 0)/ exp(—u)Pr(r(Y) > 0) = Pr(Y € A).

It remains to show that if
Pr(X —ue:|r(X)>u) —Pr(Y €),u — 0.
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, Y is either a Pareto process or Pr(r(Y) = 0) = 1. Since the distribution of Y and
Y — (YY) uniquely determines the distribution of Y, each of the statements define the
same Pareto process Y. Now, we need to verify the conditons in the first statement. The
condition Pr(X —u € {x € Cy : r(z) > 0}|r(X) > u) — Pr(r(Y) > 0),u — oo. Therefore,
Pr(r(Y) > 0) = 1. Assume, Pr(r(Y) = 0) < 1, then, we have Pr(r(Y) > 0) > 0. Let
U1, Uy > 0, then

Pr(X —uy —us € Ay g, 7(X) > ug + wg|r(X) > uy)
=Pr(X —u; —ug € Ay g|r(X) > uy + u2)Pr(r(X) > uy + ua|r(X) > uy)
=Pr(Y —uy € A, 5, r(Y) > uy) =Pr(Y € A, p)Pr(r(Y) > ug)

Since the set A, g with Pr(r(Y) =v) = Pr(Y —r(Y) € 0B) = 0 forms a m—system, we have
Pr(Y —u2 € -|r(Y) > ug) = Pr(Y € -). Thus, Y is a Pareto process defined in (2). O

B Simulation Study and Applications
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Figure 7: Boxplots of computational time in seconds for each cases and methods as in
Figure 2.
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